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$\frac{\mathrm{d}y}{\mathrm{d}t}=f(y)$ , $y(t_{0})=y_{0}$ ( $f,$ $y$ )
. $f$ Taylor ..
Runge-Kutta , $\mathrm{F}\mathrm{e}\mathrm{h}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}[4,5]$ ,
$[15, 16]$ , [17, 11, 10, 12, 13], [18]
. 2 . $f$ $k-3$




$\dot{f}_{1}=\frac{\mathrm{d}J}{\mathrm{d}t}.|_{t=t_{n}}=\frac{\mathrm{d}^{2}y}{\mathrm{d}t^{2}}|_{t=t_{\iota}},’\ddot{f}_{1}=\frac{\mathrm{d}^{2}f}{\mathrm{d}t^{2}}|_{t=t_{n}}=\frac{\mathrm{d}^{3}y}{\mathrm{d}t^{3}}.|_{t=t_{n}},$ $\cdots$ , $\cdot\langle k-3)f_{1}=\frac{\mathrm{d}^{k.-3}f}{\mathrm{d}t^{k-3}}|_{t=t_{1\iota}}=\frac{\mathrm{d}^{k-2}y}{\mathrm{d}t^{k\cdot-2}}|_{t=t_{||}}$ ,
$y_{2}=y_{n}+hc_{2}f_{1}+ \frac{(hc_{2})^{2}}{2!}\dot{f}_{1}+\frac{(hc_{2})^{3}}{3!}\ddot{f}_{1}+\cdots+\frac{(hc_{2})^{k-2}}{(k-2)!}..f_{1}\langle k-3)$ ,
$f_{2}=f(y_{2})$ , $\tilde{f}_{2}=\gamma_{1}f_{1}+\gamma_{2}f_{\mathit{2}}+h\overline{\gamma}_{1}\dot{f}_{1}+h^{2}\gamma_{1}^{=}\ddot{f}_{1}+\cdots+h^{k-3^{\mathrm{t}_{\frac{k-3}{\gamma_{1}}})(k-3)}}.f_{1}$ ,
$\dot{f}_{2}=\sim(\frac{\partial f}{\partial y})_{y=y_{2}}\cdot\tilde{f}_{2}$ ,
$y_{n+1}=y_{n}+h(b_{1}f_{1}+b_{2}f_{2})+h^{2}(b_{1}^{-} \dot{f}_{1}+b_{2}^{-}\dot{f}_{2})\sim+h^{3}b_{1}=\ddot{f}_{1}+\cdots+h^{k-2}\frac{k-3}{b_{1}}(kf_{1}()\cdot-3)$ . (1)













, 2 $c_{2}$ .
$\sim$.
$c_{2}$ . $f_{2}$






, $[6, 14]$ ,
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[1, 7, 19]. k Taylor f $k-1$





$\gamma_{1}+\cdot\gamma_{2}=1$ , $c_{2}\gamma_{2}+\overline{\gamma}_{1}=c_{2}.$ , $\frac{c_{2}^{2}}{2}\gamma_{2}+\gamma_{1}^{=}=\frac{c_{2}^{2}}{2},$ $\cdots$ , $\frac{c_{2}^{k-3}}{(k-3)!}\gamma_{2}+=(_{\frac{k-3}{\gamma_{1}}})\frac{c_{2}^{k-3}}{(k-3)!}.$ . (2)
Butcher ,
Butcher 1 . $f$ $t$
.












$\mathrm{f}_{j}\mathrm{f}_{lm\cdots w}\mathrm{f}\mathrm{f}^{n}\cdot\cdot \mathrm{f}^{v}\sim k-3.\Rightarrow$ $\mathrm{f}_{jl\cdots w}\mathrm{f}^{j}\mathrm{f}\cdot\cdot \mathrm{f}^{D}\sim k-2$
.
$t=t_{n}+c_{2}h$ . $t=t_{n}+c_{2}h$
$y(t_{n}+c_{2}h)$ $=$ $y_{n}+hc_{2}f_{1}+ \frac{(hc_{2})^{2}}{2!}\dot{f}_{1}+\frac{(hc_{2})^{3}}{3!}..1+\cdots+\frac{(hc_{2})^{k-2}}{(k-2)!}.f_{1}(k-3)$
$+ \frac{(hc_{2})^{k-1}}{(k-1)!}$ $.(k-).(k-1)f_{1} \underline’+\frac{(hc_{2})^{k}}{k!}f_{1}+\cdots$ (3)
, $y_{2}$
$y_{2}=y(t_{n}+c_{2}h)-( \frac{(hc_{2})^{k-1}}{(k’-1)!}$ $.(k-2).(k-1)f_{1} \frac{1(hc_{2})^{k}}{\mathrm{I}k!}f_{1}+\cdots)\mathrm{d}\mathrm{e}\mathrm{f}=y(t_{n}+c_{2}h.)-R(k-1)$ (4)







$+ \text{ ^{}k}.[(\frac{b_{2}c_{\underline{9}}^{k-1}}{(k-1)!}+\frac{b_{2}^{-}c_{2}^{k-2}}{(k^{\wedge}-2)!})(.f_{\perp}-\mathrm{f}_{j}.f_{1}^{j})+\gamma_{2}\frac{b_{2}^{-}c_{2}^{k-2}}{(k-2)!}\mathrm{f}_{j}.f_{1}^{j}](k-1)(k-2).(k-2)+\cdots$ . (5)
$y$ ( $t_{n}$ ) (5) :




$b_{2}^{-}$ $=$ $\frac{1}{2!}$ , (7)
$h^{3}\ddot{f}_{1}$ $b_{2^{\frac{c_{2}^{2}}{2!}}}$ $+b_{2}^{-}c_{2}+b_{1}=$
$=$ $\frac{1}{3!}$ , (8)
$h^{4}f_{1}\ldots$ $b_{2^{\frac{c_{2}^{3}}{3!}}}$ $+b_{2^{\frac{c_{\underline{9}}^{2}}{2!}}}^{-}$ $+b_{1}\equiv$
$=$ $\frac{1}{4!}$ , (9)
$h^{k-2}f_{1}(k-3\rangle$
$b_{2^{\frac{c_{2}^{k-3}}{(k-3)!}}}$ $+b_{2^{\frac{c_{2}^{k-4}}{(\mathrm{A}\prime-4)!}}}^{-}$. $+(_{\frac{k-3}{b_{1}}})= \frac{1}{(k-2)!},$ (10)
$h^{k-1}(k-2)f\iota$
$b_{2^{\frac{c_{2}^{k-2}}{(k\cdot-2)!}}}$ $+b_{2^{\frac{c_{2}^{k-3}}{(k-3)!}}}^{-}$. $= \frac{1}{(k-1)!},$ (11)
$h^{k}(f_{1}(k-1)-\mathrm{f}_{j}(k-9f_{1}^{j})\sim)$
$b_{2^{\frac{c_{2}^{k-1}}{(k-1)!}}}$ $+b_{2^{\frac{c_{2}^{k-2}}{(k-2)!}}}^{-}$ $=$ $\frac{1}{k!}$ , (12)
$h^{k}\mathrm{f}_{j}(k-2)f_{1}^{j}$
$b^{-}\underline,\gamma_{2^{\frac{c_{2}^{k-2}}{(k-2)!}}}$ $=$ $\frac{1}{k!}$ . (13)
$c_{2}$ ,
, k .
(11) $k(12)l\searrow \text{ }$ $b_{2}= \frac{k^{n}c_{2}-(k-2)}{kc_{2}^{k-1}}.$ ’ $b_{2}^{-}= \frac{-kc_{2}+(k-1)}{k(k-1)c_{2}^{k-2}}$ , (14)
(13) $l^{\mathrm{a}}\text{ }$ $\gamma_{2}=\frac{1}{-kc_{2}+(k-1)}$ , (15)
(6), $\cdots,$ (10) $l^{\mathrm{Y}}\text{ }$ $b_{1}=1-b_{-},$ ,
$\frac{l}{b_{1}}=\frac{1}{(l+1)!}-b_{2}\frac{c_{2}^{l}}{l!}-b_{2^{\frac{c_{2}^{l-1}}{(l-1)!}}}^{-}(l=1,2, \cdots, k-3)$ . (16)
$\mathrm{s}$
(7) (11) b2 $0$ (6) (11)
, $k-1$ . , $k-1$
$\hat{y}_{n+1}$ , $b$ $\beta$ . :
(11) $t\searrow \text{ }$ $\beta_{2}=\frac{1}{(k-1)c_{2}^{k-2}’}$ (17)
(6), $\cdots,$ (10) $\theta\searrow \text{ }$ $\beta_{1}=1-\beta_{2}$ , $\frac{l}{/\mathit{3}_{1}}=\frac{1}{(l+1)!}-,\theta_{2^{\frac{c_{2}^{l}}{l!}}}(l=1,2, \cdots, k-3)$ . (18)









(1) $\tilde{f}_{2}$ (2) :
$\tilde{f}_{2}=\gamma_{2}f_{2}+(1-\gamma_{2})(f_{1}+c_{2}h\dot{f}_{1}+\frac{1}{2!}(c_{2}\text{ })^{2}\ddot{f}_{1}+\cdots+\frac{1}{(k-3)!}(c_{2}h)^{k-3}.(k-3)f_{1})$ (19)
$=(f_{1}+c_{2}h \dot{f}_{1}+\frac{1}{2!}(c_{2}h)^{2}\ddot{f}_{1}+\cdots+\frac{1}{(k-3)!}(c_{2}\text{ })^{k-3}.f_{1})\langle k-3)$
$+ \gamma_{2}(f_{2}-(f_{1}+c_{2}h\dot{f}_{1}+\frac{1}{2!}(c_{2}\text{ })^{2}\ddot{f}_{1}+\cdots+\frac{1}{(k-3)!}(c_{2}\text{ })^{k-3}.f_{1})(k-3))$ . (20)
(19) , $\gamma_{2}=1$ $c_{2}=(k-2)/k$ , $J_{2}\tilde$ $f_{2}$ , $\dot{f}_{2}\sim$ $y_{2}$
$\dot{f}_{2}=\sim(\frac{\partial f}{\partial y})_{y=y_{2}}$ . $f_{2}=\dot{f}_{2}\mathrm{d}\mathrm{e}\mathrm{f}$ ,
, $b_{2}$ (14) .
3.2
(2) $k\text{ }.\text{ }$ $O(h^{k+1})$
:
$\lambda_{1}\mathrm{f}_{j}\dot{\mathrm{P}}_{l}\mathrm{f}_{m\cdots w}\mathrm{f}^{n}\cdots \mathrm{f}^{D}\sim k-2$
, $- \lambda_{1}\frac{1}{(k+1)!}$ , (21)
$\lambda_{2}\mathrm{f}_{j}\dot{\mathrm{P}}_{l\cdots w}\frac{k-1}{\mathrm{f}\mathrm{f}^{n}\cdots \mathrm{f}^{u}’}$
, $\lambda_{2}(b_{2}^{-}\gamma_{2}\frac{c_{2}^{k-1}}{(k-1)!}.-\frac{1}{(k+1)!})=\lambda_{2}\frac{(k+1)c_{2}-(k-.1)}{(k+1)!(k-1)},$ (22)
$\lambda_{3}\mathrm{f}_{jl}\dot{P}\mathrm{f}_{mo\cdots w}\mathrm{f}^{n}f\cdot\cdot \mathrm{f}^{v}\sim k-2.,$
$\lambda_{3}(b_{2^{\wedge}f2}^{-}\frac{c_{2}^{k-\perp}}{(k-2)!}-\frac{k}{(k+1)!})=\lambda_{3^{\frac{(k+1)c_{\mathit{2}}-k}{(k+1)!}}}..$, (23)





$\lambda_{5}\mathrm{f}_{j}\dot{\mathrm{P}}_{lm\cdots v}\mathrm{f}\cdots \mathrm{f}^{v}\wedge$ , $-\lambda_{5^{\frac{1}{k!}}}$ , (25)
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$k-1$
$\lambda_{6}\mathrm{f}_{jl\cdots v}\dot{p}\mathrm{f}\cdots \mathrm{f}^{f}\sim$ , $\lambda_{6}(\beta_{2}\frac{c_{2}^{k-1}}{(k-1)!}-\frac{1}{k!})=\lambda_{6^{\frac{kc_{2}-(k-1)}{k!(k-1)}}}.$, (26)
, $\lambda_{i}$ .
3.2.1
(24) $c_{2}=(k-1)/k$ $(k-1)/k$ .
(22) (23) $(k-1)/k$ $1/k$ ,
Lotkin[8] .
$c_{2}=(k-1)/k$ (15) $\gamma_{2}$ . ,
(1) $\gamma_{2}$ $\tilde{f}_{2}$ , $\dot{f}_{2}\sim$ $b_{2}^{-}$ .
(12) (13) ,
$b_{2}^{-} \gamma_{2}=\frac{1}{k(k-1)c_{2}^{k-2}}$ $b_{2}^{-}=0$ (27)
. $k$ $b_{1},$ $b_{2},$ $\frac{l}{b_{1}}(l=1,2, \cdots , k-3)$
$k-1$ $\beta_{1},$ $\beta_{2},$ $\frac{l}{\beta_{1}}(l=1,2, \cdots, k-3)$ –
$b_{2}= \beta_{2}.=\frac{1}{kc_{2}^{k-1}}=\frac{k^{k-2}}{(k-1)^{k-1}}$ ,
$b_{1}=\beta_{1}=1-b_{2}$ , $\frac{l}{b_{1}}\frac{l}{\beta_{1}}==\frac{1}{(l+1)!}-b_{2^{\frac{c_{2}^{l}}{l!}}}(l=1,2, \cdots, k-3)$
. , (27) $c_{2}$ $(k-1)/k$ (20)
$b_{2}^{-} \tilde{f}_{2}=\frac{k^{k-3}}{(k-1)^{k-1}}$ ($f_{2}-$ ($f_{1}+c_{2}h \dot{f}_{11}+\frac{(c_{2}h)^{2}}{2!}\ddot{f}_{1}+\cdots+\frac{(c_{2}h)^{k-3}}{(k-3)!}$ $.(k-3)f_{1}$)) (28)
. $k-1$ $\hat{y}_{n+1}$ , $E,$ $k$
$y_{n+1}$
$\hat{y}_{n+1}=y_{n}+h(b_{1}f_{1}+b_{2}f_{2})+h^{2}b_{1}^{-}\dot{f}_{1}+h^{3}b_{1}=\ddot{f}_{1}+\cdots+h^{k-2}\frac{k-3}{b_{1}}\langle kf_{1}()\cdot-3)$,





, $k-1$ (26) ,





2: ( $k=4,$ $\cdots,$ $8,$ $\alpha\cdots$ a(tree) Butcher )
2 , $k=4,$ $\cdots,$ $8$ $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{x}_{\lambda_{1}}=$
$\mathrm{n}\mathrm{u}\mathrm{a}\mathrm{x}_{\lambda_{3}}/k$ $|-1/(k+1)!|=|((k+1)c_{2}-k^{\wedge})/(k+1)!|$ $c_{2}=(k-1)/(k+1)$
. $k-1$ (26) – ,









$k$ $(4\leq k\leq 8)$ , [2]
.





2: 3.1 $y^{(2)}$ $t=60$
$\frac{\mathrm{d}y^{(2)}}{\mathrm{d}t}=-y^{(1)}y^{(3)}$ , $y^{(2)}(0)=1$ ,
$\frac{\mathrm{d}y^{(3)}}{\mathrm{d}t}=-k^{2}y^{(1)}y^{\{2)}$ , $y^{(3)}(0)=1$ , $k^{2}=0.51$
$t=0$ 60 $h$ . $4\leq k\leq 8$
3.1 $y^{(2)}$ 2 . HITAC
M-880 FORTRAN 4 . , NUMPAC [9] .
2 , $k$ , $\text{ ^{}k}$ $k$
.
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